TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 334, Number 2, December 1992

CHARACTERISTIC MATRICES AND
SPECTRAL PROPERTIES OF EVOLUTIONARY SYSTEMS

M. A. KAASHOEK AND S. M. VERDUYN LUNEL

ABSTRACT. In this paper we introduce the notion of a characteristic matrix for
a large class of unbounded operators and study the precise connection between
characteristic matrices and spectral properties of evolutionary systems. In par-
ticular, we study so-called multiplicity theorems. Several examples will illustrate
our results.

INTRODUCTION

Many problems involving differential equations may be analyzed in terms of
some holomorphic matrix function which in a natural way is associated with the
problem. For example, to find the solutions of an ordinary differential equation

(N x=Ax, x(0)=xp,
where A isan nxn-matrix and xy € C", one has to analyze the matrix function
A(z) = zI - A.

Indeed, if m = m(A, A) denotes the multiplicity of A4 as zero of detA and
k = k(A, A) denotes the multiplicity of A as pole of the matrix function A~!,
then there exist m independent solutions of the form p(¢)e*, where A is a
zero of detA and p is a polynomial of degree at most k& — 1 whose coefficients
may be described in terms of the Jordan chains of the matrix A at A. In the
language of matrices this observation is equivalent to

(2) dimKer((AI — A)¥) =m

and follows from the Jordan canonical form for 4.

There are important classes of infinite dimensional problems where a similar
phenomenon appears. To illustrate this, consider the following retarded func-
tional differential equation (RFDE) (see Hale [13] and Verduyn Lunel [30})

(3) x(t) = Lx;,

where L is a continuous mapping from the space of continuous functions
C[-h, 0] into R” and x, € C[—h, 0] denotes the state

x(0)=x(t+80) for —h<0<0.
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To find elementary solutions for (3), we substitute solutions of the form x(¢) =
e*xy into (3) and find that 4 must satisfy

(4) detA(A) =0,
where
(5) A(z) = zI — Le,

and e, € C[-h, 0] denotes the exponential function e,(f) = e??. In general,
equation (4) is an entire function of positive exponential type and has an infinite
number of roots. But one can prove that there are exactly m(4, A) independent
elementary solutions of the form p(¢)e*, where p is a polynomial of degree
at most k(A,A)—1 and A a zero of detA. This result is known as “a folk
theorem in functional differential equations” and was first proved by Levinger
[22].

In a more abstract approach towards (3) the connection between (1) and
(3) can be made even closer. Translation along the solution defines a strongly
continuous semigroup S(¢) : X — X of bounded operators on a Banach space
X for both (1) and (3), that is,

1) S0)=1I;

(i) S(t+8)=S(t)S(t2) for t;, 1, >0;

(iii) S(t)p —9p — 0 innormas ¢ 0.
For equation (1) the semigroup is given by e4': C" — C"
(6) Xo — e’“xo
and, in fact, is a group of bounded operators. For equation (3) the semigroup
is given by T'(¢) : C[-h, 0] - C[-h, 0]
(7) 9= x5 9).

In this last case the one-parameter semigroup 7°(¢) does not extend to a group
as can easily be seen from the property that (3) yields a bound for the derivative
of the solution and hence, the solution becomes more smooth, i.e., differentiable
on [0, A], twice differentiable on [/, 2A], etc.

The infinitesimal generator 4(X — X) for a strongly continuous semigroup
S(t) is defined by

o1
(8) Ag = 1111151 ;[S(t)¢ -],

where the domain of 4 equals the set of ¢ such that the limit in (8) exists. The
general theory, e.g., Pazy [27], implies that A is a closed densely defined (un-
bounded) operator. For the semigroup given by (6) the infinitesimal generator
is just the matrix A, but for the semigroup 7'(¢) given by (7) the infinitesimal
generator is indeed unbounded:

9) 2A)={peCl-h,01:9€C[-h,0], $(0)=Lep}, Ap=¢.

The elementary solutions of (3) are eigenfunctions and generalized eigenfunc-
tions of 4 and the spectrum of A4 just contains point spectrum and is given
by

(10) 0(A) ={z:detA(z) =0},
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where A is given by (5). Thus, the “folk theorem in functional differential
equations” can be rephrased as a multiplicity theorem

(11) dim Ker((AI — A)**2) = m(4, A)

which yields the same formula for the unbounded generator 4 defined by (9)
as we found before in the matrix case.

The fact that one can find a holomorphic matrix function A for an un-
bounded operator such that (11) holds is not uncommon. For example, the
system of hyperbolic partial differential equations studied by Lopes et al. [23]
also satisfies this property as was recently shown by Neves and Lin [26].

In this paper we describe in more explicit detail the connection between the
operator A and the matrix function A, and we extend these results to other
classes of equations. To be precise, we show that 4 and A are related through
an equivalence relation '

(12) F(z)((l) ZE’A>E(2)=<A(OZ) (1)) zeQ,

where Q C C, and E, F are holomorphic operator functions whose values are
bijective mappings between suitable Banach spaces. This equivalence relation
yields, in particular, the above-described spectral properties of 4 and a simple
analytic proof for (11). Furthermore, it clarifies the finite dimensional ingredi-
ent in the infinite dimensional dynamical system. Using the equivalence it is
straightforward to construct the eigenfunctions and generalized eigenfunctions
for the unbounded operator from the Jordan chains for the holomorphic matrix
function A. For this reason we call A a characteristic matrix for A whenever
(12) holds.

We also develop a general scheme to construct for a given unbounded op-
erator A a holomorphic matrix function A with the property that 4 and
A are related through an equivalence relation of the type (12). The class of
unbounded operators to which this scheme may be applied includes many gen-
erators for evolutionary systems such as age-dependent population dynamics, a
larger class of retarded functional differential equations than considered above,
neutral functional differential equations, and the hyperbolic system of partial
differential equations mentioned before. The abstract scheme yields a natural
choice for the characteristic matrix associated with each of these problems. In
this way, the multiplicity theorems in Levinger [22], Kappel and Wimmer [19],
and Neves and Lin [26] appear as corollaries from the general construction, and
new multiplicity theorems are derived for larger classes of functional differen-
tial equations and for the Lotka-McKendrick-von Forster equation (see Webb
[31]) which provides a model for age-structured population dynamics.

I. CHARACTERISTIC MATRICES FOR UNBOUNDED OPERATORS

I.1. PRELIMINARIES

Throughout this paper X will denote a complex Banach space. The Banach
algebra of bounded linear operators on X endowed with the operator norm is
denoted by .#(X). Further, if X and Y denote complex Banach spaces, then
Z(X,Y) denotes the vector space of all bounded linear operators between X
and Y endowed with the operator norm.
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I.1.1 Closed operators. In this section we summarize some elementary prop-
erties for unbounded closed operators and their spectral properties. (See, e.g.,
Taylor and Lay [29] and Gohberg, Goldberg and Kaashoek [10].) An un-
bounded linear operator 4 on X with domain & (4) will be denoted by
A(X — X). An operator A(X — X) is called closed if and only if its graph
{(x, Ax): x € Z(A)} isclosed in X x X . Or equivalently, if &(4) endowed
with the graph norm
1|1 := [Ix]| + [|Ax]|

becomes a Banach space X4. Let 4: X4 — X denote the bounded mapping
induced by 4 and /: X4, — X the bounded embedding from X, into X .

Suppose A(X — X) is a closed operator, the resolvent set p(A) of A is the
set of complex numbers A for which the resolvent R(A, A) = (A — A)~! exists.
The spectrum o(A) of A is defined to be the complement of p(A4) in C and
the point spectrum a,(A) C a(A) is the set of all A € C such that A/ — 4 is not
injective. Further, the resolvent set is open and

(1.1) zw+— R(z, A)

is holomorphic from p(4) into £ (X). So, we can use contour integration to
study isolated points in the spectrum of A.

If A is an isolated point of o(A4), then the resolvent can be expanded in a
Laurent series around A

e 0]

(1.2) Rz, )= ) (z-4)'R

I=—00

for 0 < |z—-4| < and ¢ small. The coefficients R; are bounded linear
operators on X given by

1

/ (z=2)"VR(z, A)dz,
I

where I'; ={z:|z—-A| =n < d}. From the resolvent equation
(1.4) R(z, A) = R(u, A) = (u - 2)R(z, A)R(u, A)
it follows that the residue of R(-, 4) at A is a projection

1

(1.5) Py=Roi=7— nR(z,A)dz,

that is, P; satisfies the equation P} = P; and induces a direct sum decompo-
sition
(1.6) X=AM;90;,

where .#, = Im P, and Q; = Ker P, are closed A-invariant subspaces.

The direct sum (1.6) is called the spectral decomposition corresponding to 4,
the subspace .#, is called the generalized eigenspace at A and the projection
P, is called the Riesz spectral projection. The space .#; is contained in & (A4)
and A#, C #;. Its dimension is called the algebraic multiplicity of A at A
and will be denoted by M(A4; A). If, in addition, M(A4; A) is finite, then A is
called an eigenvalue of finite type.
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Let A be an eigenvalue of finite type of 4. Then the generalized eigenspace
A, has a basis

(1‘7) )"1,0, o ,YI,u,—l,,V2,0, o ,J/'Z,uz—l,,Vp,O,~~ syp,l/p—-l9

such that the matrix A4 |.#; has Jordan normal form with A on the main diag-
onal. We shall call such a basis a canonical basis of eigenvectors and generalized
eigenvectors for A at i. The partitioning of the basis (1.7) corresponds to
the partitioning of the Jordan matrix in single Jordan blocks. The numbers
v < vy < --- <y, (which do not depend on the particular choice of the basis)
are the sizes of the Jordan blocks, and they are called the partial multiplicities
of the eigenvalue A. The number of partial multiplicities is the geometric mul-
tiplicity of 4, i.e., p = dimKer(Al — A). The largest partial multiplicity v, is
equal to the smallest number k such that

My, = Ker((AI — A)%)
and is called the ascent of 4. (See Taylor and Lay [29] for the general definition
of this notion.)

Let Z be a Banach space and AA(Z — Z) an operator and assume X C Z .
An operator A(X — X) is called the part of A if

9(A)={xeXﬂ@(;1\):AAxeX}, Ax = Ax.

The following proposition relates the spectra of A and the part of A4 in case
A cX.

Proposition 1.1. Let AZ > 2Z)and DA c X CZ. If AKX = X) denotes
the part of A in X, then

(1) ap(/f) = 0,(A) and for A € g,(A)
Ker((AI — A)¥) = Ker((AI — A)¥), k=0,1,2,....

(ii) Furthermore, if A is an isolated point of o(A) and a(/’l\), then

-~

Py(A)|,= P(4), ImPy(d) =ImPy(4),

that is, the algebraic multiplicity of A considered as an eigenvalue of A
is the same as the algebraic multiplicity of A considered as an eigenvalue
of A.

Proof. 1t is clear that ap(A) C a,,(A) So, consider the case when A € a,,(/f)

then there isa ¢ € & (A) such that A¢ Agp. Since A is the part of A, this
shows that ¢ must be in the domain of 4 and hence Ap = Ag. Thus 4 € ap( )
and (i) follows using induction with respect to k. To prove (ii) note that if A
is an isolated point of ¢(4) and a(/f), then P,l(AA) = Py(A) by definition of

the part of 4. So, (ii) follows from (i). O

lx

1.1.2 Equivalence and Jordan chains. Suppose L: Q — .Z(X,Y) and M: Q
— Z(X',Y') are operator functions, holomorphic on an open set Q in the
complex plane C. The operator functions L and M are called equivalent on
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Q (see [9)) if there exist operator functions E: Q — (X', X) and F: Q —
Z(Y,Y'), whose values are bijective operators, such that,

(1.8) M(z)=F(z)L(2)E(z), z€eQ.

Let L:Q — Z(X,Y) be a holomorphic operator function. A point Aq is
called a characteristic value of L if there exists a vector xp € X, X9 # 0,
such that, L(4¢)xo = 0. An ordered set (xp, X1, ... , Xx—;) of vectorsin X is
called a Jordan chain for L at Ay if xo #0 and

(1.9) L(z)[xo + (z = Ag)X1 + -+ + (2 = A0)* ' xk_1] = O((z — Ao)F).

The number k is called the length of the chain and the maximal length of the
chain starting with xg is called the rank of xy. The holomorphic function

k—1

> (2= 4)'x

1=0
in (1.9) is called a root function of L corresponding to Ag.

Proposition 1.2. Iftwo holomorphic operator functions L and M are equivalent,
then there is a one-to-one correspondence between their Jordan chains.

Proof. The equivalence relation (1.1) is symmetric, and thus it suffices to show
that Jordan chains for L yield Jordan chains for M. If (xp, ..., xx_;) is a
Jordan chain for L at g, then

E(z) Y (xo+ (z = Ao)xi + -+ (2 = Ao) " 'xp_y)
=yo+ (z=A)i 4+ (z —2) 'y + ho.t.

and (o, ..., Yk—1) is a Jordan chain for M at 4. Furthermore, the equiv-
alence yields that the null spaces Ker(L(49)) and Ker(M(4g)) are isomorphic
and this shows the proposition. O

Throughout this paper A : Q — .Z(C") will denote a holomorphic matrix
function. If the determinant of A is not identically zero, then we define m(4, A)
to be the order of A as zero of detA and k(4, A) to be the order of A as pole
of operator function A~!.

Let Ay be an isolated characteristic value of A, then the Jordan chains for A
at Ap have finite rank and we can organize the chains according to the procedure
described by Gohberg and Sigal [10]. Choose an eigenvector, say x; o, with
maximal rank, say r;. Next, choose a Jordan chain (x; g, ..., X1, ,-1) Of
length r; andlet N; be the complement in Ker(A(4q)) of the subspace spanned
by x; 0. In N; we choose an eigenvector x; o of maximal rank, say r;, and let
(x2,05 ... » X2,r,—1) be a corresponding Jordan chain of length r,. We continue
as follows, let N, be the complement in N, of the subspace spanned by x;
and replace N; by N, in the above-described procedure.

In this way, we obtain a basis {x; o, ..., Xp,0} of Ker(A(49)) and a corre-
sponding canonical system of Jordan chains

(1.10) X105 e s X1, r=15>X2,05 -+ > X2, =15 Xp 05 +++ > Xp,r,—1

for A at Ap.
It is easy to see that the rank of any eigenvector Xy corresponding to the
characteristic value 4¢ is always equal to one of the r; for 1 < j < p. Thus,
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the integers r, ... , r, do not depend on the particular choices made in the
procedure described above and are called the zero-multiplicities of A at Ag.
Their sum r; + -+ r, is called the algebraic multiplicity of A at Ao and will
be denoted by M (A(Ag)) .

In the linear case A(z) = zI — A, a Jordan chain (xp, ..., xx_;) for A at
Ao satisfies

(A—A0)xo=0
(A4 —Ao)x1 =Xo
(A —Ao)Xk—1 = Xk—2
and hence {(x; 0,...,Xi,r-1)|i=1,2,...,p} isacanonical basis of eigen-

vectors and generalized eigenvectors for 4 at Ag. Thus, M(A(4p)) equals
M(A; ), the algebraic multiplicity of 4 at Ag, and the definition of the al-
gebraic multiplicity using Jordan chains is a proper extension to the nonlinear
case. In general, however, the system of Jordan chains for A at Ay is not a
basis for the generalized null space of A(4y) and hence,
dimKer(A(A)¥) # M(A(%)), k= max r;.
1<j<p

Next we recall the connection between the Jordan chains and the local Smith
form for a holomorphic matrix function A: Q — Z(C") with detA# 0. Let
Ao € Q. Then there exist a neighbourhood % of A, and holomorphic matrix
functions £ and F on #Z whose values are bijective operators such that

(1.11) A(z) = F(z)D(z)E(z), ze¥,

where

(1.12) D(z) = diag[(z — A0)"*, ... , (z — A0)""], ze¥.

The integers {v;, ..., v,} are uniquely determined by A and the diagonal

matrix D is called the local Smith form for A at iy. This result is a special
case of an abstract ring theoretical statement concerning matrices with entries in
a principal ideal domain R (see §§8 and 10 in Chapter III of Jacobson [17]). To
get the representation (1.11) one takes for R the ring of all germs of complex
functions holomorphic at Ag.

For the local Smith form D the Jordan chains are easily determined and it
is clear that the set of zero multiplicities is given by {v,, ... , v,}. Hence, the
equivalence (1.11) and Proposition 1.2 show that the algebraic multiplicity of
A at A is given by

M(AGA) =) v
=1

On the other hand the equivalence yields

detA(z) = det F(2)(z — Ag) i1 * det E(z)

with det E(4g) # 0 and det F(4) # 0. So, the multiplicity of 4 as zero of
detA equals the algebraic multiplicity of A at 4.
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An interesting application of the local Smith form to which we return in §1.2
is the following matrix valued multiplicity theorem:

(1.13) m(io, A) = tr (%Z /no A(z)"1% (z)a’z) ,

where I'; - is a small circle surrounding only 4y of the discrete set a(4) N Q
and tr(-) denotes the trace operator. For (1.13) and more general versions of
this identity see Gohberg and Sigal [11].

1.2. CHARACTERISTIC MATRICES AND SPECTRAL PROPERTIES

Let A be an unbounded operator on a Banach space X and Q an open set
in the complex plane. We call a holomorphic matrix function A: Q — £ (C") a
characteristic matrix for A on Q if there exist holomorphic operator functions
E:Q-ZC'oX,Z®Xy) and F:Q - Z(Z® X, C"d X), whose values
are bijective operators, such that

2.1) (A%Z) I?() = F(2) (15 (27(1 1;1-)> E(z), zeQ.

Here A: X, — X and I: X, — X are the bounded operators induced by A4
and /. The operator function appearing in the left-hand side of (2.1) is called
the X-extension of A.

The next theorem justifies the terminology introduced above.

Theorem 2.1. Let A be a closed unbounded operator on a Banach space X and
let A be a characteristic matrix for A on Q such that detA # 0. Then

(i) the set a(A) NQ consists of eigenvalues of finite type and
(2.2) o(A)NQ={zeQ:detA(z) = 0};

(ii) for A9 € a(A)NQ, the partial multiplicities of Ay as an eigenvalue of A
are equal to the zero-multiplicities of A at Ag;

(iii) for Ag € a(A) NQ, the algebraic multiplicity of Ay as an eigenvalue of
A equals m = m(Ay, A), the order of Ay as a zero of detA;

(iv) for A9 € a(A)NQ, the ascent k of Ay equals k(Ag, A), the order of Ag
as a pole of A~! and

(2.3) dimKer((Aol — A)¥) = m.
Proof. By definition of a characteristic matrix (2.2) holds. Define £ = {z € Q:
detA(z) # 0}, then
Iz _0_ _ A(z)™! 0
(2.4) (0 (ZI_A)_,)_E(2)< ) L )F@,  zer

Since the values of £ and F are bijective operators, z — (zI~ - /T)“T 1s finite
meromorphic on €, that is, for every Ay € d(4)NQ the Laurent expansion in
a neighbourhood of Ay has the form

oo

(2.5) (zZI =)' =T -4 T=3 (- 4R,
I

=—n
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with R_,, ... , R_, operators of finite rank. In particular, R_; has finite rank
and (i) follows.
To prove (ii) let
xl,O’ s xl,lll—l > x2,0) cee x2,l/2—l b xp,O, A ] xp,up—l

with v; < --- < v, be a canonical system of Jordan chains for A at iy. For
i=1,...,p consider the polynomial

9i(z) =xi0+ (2= Ao)xi, 1+ + (2 — A0)" ' xi 1.
We know that
(2.6) A(2)9i(z) = O((z — 40)").
Put

v =(0 1) EE (7))

=Yio+(z=Ao)yi1++(2=4)""Vi 1+ 0((z - 4)"),
From (2.6) and the equivalence (2.1), it follows that
(2] = A)yi(2) = O((z = 40)"),
and thus

(27 (A-A)yio=0, (A=A)Vi1=Yi0,--- > (A=A0)Yiv-1 = Vi v-2
We shall prove that

(2’8) yl,O, ey yl,vl—l,yZ,Oa ey y2,l/2—la yp,Oy cee ayp,llp—l

is a canonical basis of eigenvectors and generalized eigenvectors of A4 at Ag.
Note that N : C" — X, defined by

¢ (0 T)E(Ao)(g)

maps Ker A(4p) is a one-one way onto Ker(49/ —A) . It follows that the vectors
V1,05 --- » ¥p,o0 arelinearly independent. But then we can use (2.7) to show that
the set of vectors (2.8) is linearly independent.

To finish the proof we show that M(A4; Ay), the algebraic multiplicity of
A at Ag, is equal to M(A(4)). Note that M(A4; Ap) equals the trace of the
spectral projection P, . Further P, restricted to X, equals the (z — Ag) ™!
term in the expansion (2.5) and since the range of P;, is contained in Z'(A4)
we find

tr Py, = trP,10|XA.

Let
(2.9) D(z) = diag[(z — A0)"", ... , (z — Ag)""]

denote the local Smith form for A in a neighbourhood % C Q of A, then
there exist holomorphic matrix functions E; and F; on #Z whose values are
bijective operators, such that,

(2.10) A(z) = Fi(2)D(2)Ei(z), z€e¥.
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Substituting (2.10) into (2.1) we find operator functions E, and F,, holomor-
phic on % , whose values are bijective operators, such that,

2.11) (Dgz) Ii):Fz(z)(lg (27(12)>Ez(z), ze¥.

Let B
S[LY(Ao) = Y (z =o)Ly
I=—n

denote the singular part in the Laurent expansion of a meromorphic operator
function L at iyp. From (2.11) we derive

trS [D(z)“;—ZD(z)] (Ao)

=trS [Ez(z)“L(z)"'Fz(Z)_l%(Z)L(Z)Ez(z)] (4o)
(2.12)
+trS [Ez(z)"L(z)"Z—i(Z)Ez(Z)] (4o)
s [Ez(z)_'%(z)] (o).,
where

_(lz 0 _
1= (5 .ita):
The operator function z — E,(z)~'d/dzE,(z) is holomorphic in a neighbour-
hood of Ag. Therefore, the third term at the right-hand side does vanish. To

analyze the remaining terms we need the following lemma (see Gohberg and
Sigal [11]).

Lemma 2.2. Let L and M be finite meromorphic operator functions on Q. If
Ao € Q is apole of L, then

(2.13) trS[LM] (Ao) = tr S[ML](Ao).
Because of the lemma the first term on the right-hand side of (2.12) equals
d ._
trS [de—Z-F2 '] (Ao)
and hence does vanish. So,

(2.14) trS [D(z)" Ed; (z)] (o) = tr[(z] = A)~'T](A).

Now use that D is a diagonal matrix given by (2.9) to calculate the right-hand
side of (2.14). This yields

Z?:[ Vi

trS [D(z)"a-dZD(z)] (o) = GoT)

By (2.5) this shows the formula
(2.15) tr Py, = M(A(4o)),
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and completes the proof of (ii). To prove (iii), it remains to remark that, for
a holomorphic matrix function A with detA # 0, the algebraic multiplicity
M (A(4p) equals the multiplicity of Ay as a zero of detA (see §1.2).

For the proof of (iv) note that the ascent of Ay equals the order of i, as
a pole of the resolvent z — (zI — A)~!. But the order of a pole is invariant
under equivalence and (iv) follows from (2.4). O

I.3. GENERAL SCHEME FOR CONSTRUCTING CHARACTERISTIC MATRICES

In this section we develop a general scheme to construct characteristic ma-
trices for a rather general class of unbounded operators. For this purpose we
need auxiliary operators D, L and M .

The operator D(X — X) is a closed linear operator acting in a complex
Banach space X and D is assumed to satisfy the following two conditions:

(H1) " :=Ker(D) is finite dimensional and .#" # {0} ;
(H2) the operator D has a restriction Dy(X — X) such that
(1) () 2(D)=A4 02 (Do),

(2) (ii) Q:= p(Do) # 2.
Apart from D we need two bounded linear operators

(3.1) L:Xp—>C', M:X—C"

Here n = dim.#" and Xp is the domain of D endowed with the graph norm.
One may think about D as a maximal operator and about L and M as gen-
eralized boundary value operators.

With D, L and M as above we associate two operators A(X — X) and

~

(Z — Z), where

(3.2) Z=(C"><X={<;)IC€C",¢EX}.
The definitions are as follows

(3.3) 2(A)={9pecDD): MDyp = Ly}, Ay =Dy,
and

~

9(A)={(;) eZ:.peDD), c=M(p},

i()-(3)

The operators A and A are well-defined closed linear operators and are closely
related. In fact, A is similar to the part of 4 in the graph of M (see Lemma
3.3 below for the precise formulation). We shall refer to 4 and A , respectively,
as the first and second operator associated with D, L and M .

Next, we define the candidate for the characteristic matrix function. Let
j:C" - be some isomorphism, and set

(3.5) A(z) = —(zM — L)Do(z — Dy)"'j, z€Q.

(3.4)

Here D, is the operator appearing in Hypothesis (H2) on D and Q is as
defined in (H2).
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~

Theorem 3.1. Suppose that A(Z — Z) is the second operator associated with
D, L and M. Then the matrix function A defined in (3.5) is a characteristic

matrix for A and the equivalence is given by

(3.6) F(2)(z - DE(z) = (Agz) I‘j{) . zeQ,

where E: Q - X (Z,Z D and F: Q— ZL(Z) are holomorphic operator func-
tions whose values are bijective mappings. Furthermore, these operators and their
inverses have the following representations

¢\ _ (—MDo(z - Do) 'jc+ M(z - Do) o
) <¢) - ( _Dg(Z—Dg)_]jc+(z—D0)—ol¢ ) )

pot (M) = (e Do,

4 (z-D)y
" F(z)(c) = (c_ZM(Z_DO)_1¢+L(Z-D0)"1¢) ,
F(z)~! <Azz> _ (c+ ZM(z — DO)“:(/) ~L(z -Do)—!¢) .

Here Dy is the operator appearing in the second hypothesis (H2) on D.

The definition of the second operator A still makes sense when M is only a
bounded operator from Xp into C". Also, the characteristic matrix A remains
well defined in this case. Therefore, in the proof of Theorem 3.1 we shall only
use that M acts as a bounded operator from Xp into C". (See the examples
in Chapter II where we need this extension.)

Theorem 3.2. Suppose that A is the first operator associated with D, L and
M and let A be the matrix function defined by (3.5). Then p(A)NQ # @ if
and only if detA(z) does not vanish identically on Q, and in that case A is a
characteristic matrix for A on Q.

In the proof of Theorem 3.2 we shall construct explicitly an equivalence
between extensions of z—A4 and A(z) when p(4)NQ # @. To do this requires
some preparations, which will come later. First we shall prove Theorem 3.1.

Proof of Theorem 3.1. From (H1) and (H2) we find for z € Q := p(Dy)

(3.7) Xp =Ker(z — D) ® Xp,,

where D is the induced bounded operator from~ Xp into X . To prove this
direct sum choose ¢ # 0 such that ¢ € Ker(z—D)N Xp,, but then ¢ must be
an eigenvector of Dy as well and this contradicts z € Q. So,

Ker(z — D) n Xp, = {0}.

Since for z € Q the mapping (z—Dy) is onto, we derive that for every ¢ € Xp,
there exists a ¢; € Xp, such that (z — D)p = (z — Dy)¢, . Thus

p=(9—91)+01,
where ¢ — ¢, € Ker(z — 5) and this proves (3.7).
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In particular, there exists a holomorphic projection operator function Q: Q
— Z(Xp) such that

Q(z)*=Q(z); Ker(Q(z)) = Xp,; Im(Q(z)) = Ker(z — D).
In fact, Q is given by

(3.8) Q(2)p=¢—(z2-Do)(z-D)p,  p€Xp.
Further, since Ker(Q(z)) does not depend on z, we have
(3.9) 0(z1) = Q(21)Q(z2),  z1,22€ Q.

In the sequel, we only need the action of Q on the range of j. Since Im(j) =
Ker(D),

(3.10) Q(z)j=j—2(z=Do)~'j=-Do(z = Do)
Hence, the characteristic matrix (3.5) is given by
A(z) =(zM - L)Q(z)j

and this shows that A is well defined for L, M: Xp — R". Put H: Q —
Z(Z, Xp)
c

(3.11) H(Z)((p) =Q(z2)jc+ (z — Do) 'o.

First we show that H(z) is invertible and H(z)~! is given by

H(z)'y = (’(;I_Qg):/’> :

Define K : Q - .Z(Xp, Z)

K(z)y = (f(;'_Qg’;;f) ,

then
K(2)H(z) (;) — K(2)[Q(z)jc + (z - Do) ],
Further
(z = D)Q(2)jc + (2 — Do)~'p] = ¢
and from (3.9)~(3.10)
S QONQ(2)jc + (z - Do) 9] = 7' QO)Q(2)jc + =\ (z — Do)
— 'Q(0)jc = c.

ko (5) ;)

and since Q(z) = Q(2)Q(0)

H(2)K(2)y = H(z) (J(';‘_Q(DO))VV//)

=Q(2)j7'Q0)y + (2~ Do)~ (z - D)y
= Q(2)j~'QO)I - Q(2) + Q(2)IQO)y + v - Q(2)¥
= Q(2)j~'Q(0)Q(2)Q0)y + v - Q(2)w

Hence

=0(2)Q0)y +y - Q(2)y = v.
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Consequently, the values of H are invertible and H(z)~! = K(z) for z € Q.
Next, we define the operator function E: Q — £ (Z, Z ) by

) (0)=vHe(5).

where J :-Xp — Z is given by

(%)

Then E is a holomorphic operator function whose values are invertible and

e (MY) =aetv = (1, 200).

The action of (z — AA) on E(z)( ;) is given by
R c\_,,_ 2 —MDy(z — Dg)~'jc+ M(z —Dg)" o
(z - AE) (w) =(z-4) ( Do(z - Do) je+ (z - Do) g
_ (A(z)c +2zM(z—-Dg) 'op — L(z - DO)‘1¢)
¢ b
where A : Q — Z(C") denotes the candidate characteristic matrix given by
(3.5). Finally, we define the operator function F : Q — % (Z) by
F(z) (C) = (C —zM(z - Do) "9 + L(z - Do)"(ﬂ)
o 4
and this completes the equivalence

F(z)(z—/f)E(z)z(A(Oz) ?) O

To prove Theorem 3.2, we need to describe the relation between 4 and 4.
Let Y be the closed subspace of Z defined by the graph of M, i.e.,

o {(5) e}

Lemma 3.3. Suppose that A and A are the first and second operator, respectively,
associated with D, L and M . Then A is similar to the part of A in Y. More
precisely, let J: X — Y be the isomorphism between X and Y given by

(3.12) Jo = (AZ,"’) :

~

Note that ' (4)C Y.

then JD(A) c D(A) and JAJ" is precisely the part of A in Y.
Proof. By definition, we have to verify the following property

DIAT ) = {(;) e.@(Z):E(;) € Y}
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Z(;) =JAJ! ((‘;) for (;) €EDJAITY),

but this is immediate from the definitions. O

Consequently, Proposition 1.1 yields that the point spectra of 4 and A are
the same and have the same spectral data.

Next we analyze the property that A4 is similar to the part of A a little
further when detA # 0. Put

reren (5)-(4)+(8%)

and define operators T1(Z — Z) and T>(Z — Z) by

o n(5)=(): w(5)-(+)

Then A=T, + T, and

D(4) = D(A) NKer(T).
Lemma 34. If detA#0 on Q, then T, maps Z onto N.

Proof. From the proof of Theorem 3.1 it follows that the characteristic matrix
is given by
A(z) = (zM - L)Q(2)J,

but on the range of Q(z) the mapping zM acts as MD. Thus,
A(z) = (MD - L)Q(z)j

and the condition detA # 0 on Q implies that there is a zo € Q such that
A(zp) is invertible. From (3.10) we conclude that the mapping Q(z); is a one-
to-one mapping. This shows that (MD — L) is onto C" and this proves the
lemma. O

If T : N - Z denotes the right inverse of T3, then by the lemma T} can
be represented as

(3.14) ((c) ) - ( _flg%jfj)ﬁgfzzclc ) '

Define the projection P =T, T, |y: Y — N

Mo\ ( MQ(z0)jA(z0)" (MD — L)
(3.15) d ( P )‘( 0(z0)jA(z0)~(MD - Lyp )

where N denotes the range of T and zg is such that detA(zo) # 0. Then
Im(I — P)=Y,;,;-» and P is the projection associated with the direct sum

Z/’i\ = YJA_]—I @N

Consequently A: Yyip-1 ® N — Y & N can be represented by an operator

JAJ-' Ty
0 Ty )’

matrix
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where ~ ~

T10=T1|1*V'2N—>Y, T20=T2|ﬁ1N—‘N.
With respect to the above direct sum the identity operator has the operator

matrix representation
I = <IY.IAJ—| Iﬁ)
0 0

and we have proved the following lemma.
Lemma 3.5. If detA# 0 on Q, then Try: N — N is bijective and

~ Iy, . z—-Tyw\ (z-JAJ ! 0
3.16 z—A=< )( )
(3.16) 0 -Tx 0 Iy

Proof of Theorem 3.2. To construct the equivalence we use the projection P
defined by (3.15) and the equivalence for z — 4 constructed in Theorem 3.1.
Consider the C"-extension of z— A and define the holomorphic operator func-
tion E:Q —» Z(Z,C" x X4) by

(3.17)

SN (MD - L)[Q(z)jc + (z — Do)~'9]
E(z) (w) = ((1 — O(20)jA(z0)~ (MD - L))[Q(2)jc + (2 Do>-'¢1> '

Because of Lemma 3.5 the values of E are bijective mappings. Furthermore
Icn 0 = c
(5 :24)Ea(()
_ ( (MD — L)[Q(z)jc + (z = Do)™'¢] ) .
¢ — (2 — D)Q(20)jA(z0)~"(MD — L)[Q(z) jic + (z — Do)~ ' 9]
Finally, we define the holomorphic operator function F: Q — & (Z) by

~ c\ _ C-—(MD—L)(Z—DO)"(I)
F(z) (w) = <¢ +(z— zo>Q<zo>jA<zo>~'c) :

Clearly, the values of F are bijective mappings and the equivalence is given by
~ Icn 0 = . (A(z) O

(3.18) F(z)(o Z_A>E(z)—( o 7))

This completes the proof of Theorem 3.2. O

Corollary 3.7. Let detA # 0 on Q, and let Ay be a characteristic value of A,
and let

{(xi,0>---’xi,k,—l)|i=la'~-ap}
be a canonical system of Jordan chains for A at Ag. Then
{,Vi,(),---,)’i,k,—lli=l7-~-,l7},

{(Myi,()) . (Myi,k,—l) i=1.... p}
Yi,o0 T Vi ki—1 ’ ’ ’

are canonical bases of eigenvectors and generalized eigenvectors for A and A,
respectively, at Ay. Here

Viw =2 Do(Do—A0)™" "1 j(xi bi),
1=0
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where j denotes some isomorphism from C" onto &, v=0,... ,k;—1 and
i=1,...,p.
Proof. Let (xg, ... , Xx_1) be aJordan chain for A at Ay of length k. Because
of the equivalence (3.6) it follows that

— — k-1
(3.19) JH(Z)<xo+x1(z A+ 0+xk_,(z A) )

is a root function for (z — A) at dg. Here J : Xp — Z is given by (3.12) and
H:Q— % (Z, Xp) is given by (3.11). From the proof of part (ii) of Theorem
2.1 it follows that we have to expand (3.19) up to order k in a neighbourhood
of 4. But

H(z) (§) = Doz - o) e

and

(z= Do)~ = (A — Do)~ [I = (z = A0)(Do — 40)™'] "

== (2= Ao) (Do - A)™"",
1=0
so that the corollary follows from the results of §1.2. O

I.4. ORDINARY DIFFERENTIAL EQUATIONS

As a first illustration of our results consider the following boundary value
problem

dy
Y = fi <x<
(4.1) I ) Ta(x)elx) = f(x) fora<x<b,
Lig(a) + L2p(b) = 9o
Here L,, L, are constant n x » matrices, ¢ is an # x n matrix valued func-
tion which is continuous on [a, b], and ¢, is a given vector in C" . The
problem is to find a vector valued solution ¢ € W!:?[a, b], the Sobolev space
of all functions in L?[a, b] for which the distributional derivative is also in
L?[a, b], such that ¢ satisfies the equations in (4.1). More generally, consider
the following first order differential operator A(L”[a, b] — LP[a, b))
2(4)={p € L’la, b]: 9 € W"P[a, b], Ly =0},
(4.2) do
Ap = +4(+)¢,
where L: W!-P[q, b] —» C" is a bounded linear mapping.
Lemma 4.1. Let D(L?[a, b] — LP[a, b]) be the operator defined by

Z(D)={p€ L’la,bl:pe W"'"[a, b]},

(D9)(x) = 22(2) + a()p ().

Then D satisfies the hypothesis (H1), (H2) with Q = C. Furthermore, the
operator A defined by (4.2) is the first operator associated with D, L and M,
where M =0.
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Proof. Put X = L?[a, b]. To find the kernel of D we solve the equation

(43 92 (x)+a()p(x) =0, asx<b

The solution is
p(x)=Y(x,a)p(a), a<x<b,

where Y(-, a) denotes the fundamental matrix solution of (4.3) with Y(a, a)
= I,. It follows that .#* = KerD has dimension n. For D, we take the
operator Dy(X — X) defined by

(Do) ={peDD):p(a)=0}, Doy =Dg.

Clearly, (D) = # & D(Dy). To find Q = p(Dy) we first note that the
equation
dy
I X taex) =ze(x),  a<x<b,
is solvable for each z € C and its solution is given by
p(x) = e**"9Y(x, a)p(a).

It follows that p(Dg) = C and the resolvent of Dy is given by
X
(@4)  (z-D) W) =- [ EFIV(x uis)ds,  a<x<b
a
Therefore D satisfies the hypotheses (H1), (H2) and Q=C. O

For the case considered here the Banach space Z equals C" x L?[a, b] and

~

the second operator A(Z — Z) associated with the triple D, L and M is
given by

(4.5) 9(2)={<;)ez:¢e_@(p),c=o}, 2(;)=(f’)3).

Thus, we can apply Theorem 3.1 to obtain
Theorem 4.2. The matrix function A : C — £ (C")

(4.6) A(z)=L(e*" Y(-, a)),
where Y (-, a) is a fundamental matrix solution of
de

d_i(x) +4q(x)p(x)=0
is a characteristic matrix for A defined by (4.5) and the equivalence is given by

(4.7) (A(Oz) ?) = F(z)(z - A)E(2),

where E:C— Z(Z, Z;) is given by

59(5) = (v)

with

w(x) =e™*Y(x, a)c — / e**9Y (x, s)p(s)ds,




CHARACTERISTIC MATRICES 497

e (0) = ("D )
and F :C — £ (Z) is given by

F(z) (;) _ (c+L(z(;D0)“¢> ,

Fa (o) = (CHE P,

Proof. Let D and Dy be as in the proof of Lemma 4.1. Define j:C" — ./,
A = KerD by ¢c— Y(-, a)c, and put

A(z) = L(—j + z(z = Do) ™' j).
From Theorem 3.1 we know that A is a characteristic matrix function for 4.

To verify the concrete representation (4.6) for A, we use the resolvent formula
(4.4)

A(z) = L(~j + z(z = Do) })

(4.8) =t <_j —7 /ax ez("'jY(x, )Y (s, a)ds)
=L (—Y(x, a)-z /a e dse™ Y (x a)>

= L(e*" Y(-, a)).

The explicit equivalence relation (4.7) follows from Theorem 3.1 by similar
calculations. O

If the boundary value operator L is given by
Lo =Lip(a) + Lap(b),
where L, and L, are as in (4.1), then Theorem 4.2 reduces to Theorem 1.1 in
Kaashoek [18] (see also Mennicken and Moller [24]).

If detA # 0, then Theorem 3.2 shows that A actually is a characteristic
matrix for A itself and we have the following corollary.

Corollary 4.3. If detA # 0, then the spectrum of A(LP[a, b] — LP[a, b]) de-
fined by (4.2) consists of eigenvalues of finite type only,

(4.9) o(A) = {A:detA(4) = 0}.

For A € 6(A), the algebraic multiplicity of the eigenvalue A equals the order of
A as a zero of detA, the partial multiplicities of the eigenvalue A are equal to
the zero-multiplicities of A as a characteristic value of A, and the largest partial
multiplicity (ascent) of A equals the order of A as a pole of A= . Furthermore,
a canonical basis of eigenvectors and generalized eigenvectors for A at A may

be obtained in the following way: If {(yi,0s.-- » Vik—1) | i=1,...,p} isa
canonical system of Jordan chains for A at A € Q, then {xi0... , Xi k-1 i =
1,...,p}, where
v l
X
Xiw(X) = €D Y(X, @)1ty s
1=0 )

yields a canonical basis for A at 1.
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Remark 4.4. The construction carried out in this section may also be applied
to problems where the spectral parameter A appears in a nonlinear way. For
examples in this direction see Kaashoek [18], and Langer and Moller [21].

II. APPLICATIONS TO EVOLUTIONARY SYSTEMS

I1.1. FUNCTIONAL DIFFERENTIAL EQUATIONS

The first class of examples concerns linear autonomous functional differential
equations

(1.1) x(t)=Lx, t>0,

where L : X — C" is a linear mapping from a Banach space X into C".
Different choices for the mapping L and the space X lead to different type of
functional differential equations.

II.1.1 Retarded functional differential equations. At first we consider the finite
delay case, that is, the state space X equals C[-#, 0], the space of continuous
functions on [—-#, 0] provided with the supremum norm. (See Hale [13].)

The “functional” L can be represented in a unique way as a Riemann-
Stieltjes integral

h
(12) Ly = /0 dL(0)p(~6),

where { is an nx n-matrix of bounded variation on [0, 4] which is normalized
such that {(0) = 0, { is left continuous on [0, 4] and constant for ¢ > A.
Further the state x; is given by

x(0) =x(t+0) for —h<6<0

and (1.1) can be written in the form

h
(1.3) )'c(t)=/0 dC(0)x(t—0), t>0.

The initial value problem with xy = ¢ and ¢ € C[-h, 0] is well posed, that
is, for any given ¢ € C[-h, 0] a solution x(-; ¢) exists on [0, co) and is
unique. Thus, the solution operator 7'(¢): C[-h, 0] — C[-h, 0]

T(t)p =x(-;9)

is a semigroup of bounded linear operators and it is easy to verify that 7T'(¢) is
strongly continuous. The infinitesimal generator A(C[-h, 0] — C[-h, 0]) is
given by

h
o 9(A)={f/)eC[—h,O]:weC[—h,O], $(0) = /0 dcw)«p(—e)},

Ag = ¢.
Lemma 1.1. Let D(C[-h, 0] —» C[-h, 0]) be the operator defined by
2D)={peC[-h,0]:9 € C[-h,0]}, D¢=¢.
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Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = C. Furthermore,
the operator A defined by (1.4) is the first operator associated with D, L and
M, where

h
(1.5) Mo =9(0), Lp= /0 dL(0)p(-0).

Proof. Put X = C[-h, 0]. Clearly, the kernel of D consists of the constant
functions. It follows that .#" = Ker(D) has dimension n. For D, we take the
operator Dy(X — X) defined by

D (Do) ={p € Z(D):9(0) =0}, Doy =Dg.

We have & (D) = A4 & D (Dy), and for each z € C the operator z — Dy is
invertible and the resolvent of Dy is given by

(16)  ((z=Do)'9)(6) = - /Be“’—"”«)(a)da, —h<6<0.
0

Therefore D satisfies (H1), (H2) with Q = C. Further A4 is given by
D(A)={peD(D): MDp =Ly}, Ayp=Dyp,

where L and M are defined by (1.5). So, A4 is the first operator associated
with D, L and M. O

For the case considezed here the Banach space Z equals C" x C[-A, 0] and

the second operator A(Z — Z) associated with the triple D, L and M is
given by .

9(2):{(2) €Z:9pe2(D), c=(o(0)},

i()-(5)

Theorem 1.2. The matrix function A:C — Z(C")

(1.7)

h
(1.8) A(z) = zl—/ e 79d(0)
0

is a characteristic matrix for A defined by (1.7) and the equivalence is given by

0 I
where E:C— Z(Z,Zy) is given by

£ (5)=(g). vor=ee- [ ’ 002 p(0)do,

(v _( w(0)
s () = (2w )
and F :C— ZL(Z) is given by

F(z) (;) _ <c+L(z;D0)—1¢) ,

(A(z) 0) — F(z)(z- ADE(z), ze€C,

Fet ()= (TP,
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Proof. Let D and D, be as in the proof of Lemma 1.1. Define j:C" —» /",
A = Ker(D), by
(Jje)@)=c, -h<6<0.
From Theorem 1.3.1 we know that
A(z)=(zM - L)(j - z(z - Do)'j), ze€C,

is a characteristic matrix for 4. To verify the concrete representation (1.8) we
use the resolvent formula (1.6) and calculate

0
(je = z(z = Do)~ jc)(0) = c + z/ el¥=9%cdg
0

o1z 10
=c—el?2¢| =efc, -h<6<0.

Finally, the concrete representations for £ and F are verified in a similar
way. O

Corollary 1.3. The spectrum of A(C[-h, 0] — C[—h, Q]) defined by (1.4) con-
sists of eigenvalues of finite type only,

(1.9) o(4) = {A: detA(4) = 0}.

For 4 € a(A), the algebraic multiplicity of the eigenvalue A equals the order of
A as a zero of detA, the partial multiplicities of the eigenvalue A are equal to
the zero-multiplicities of A as a characteristic value of A, and the largest partial
multiplicity (ascent) of A equals the order of A as a pole of A~!. Furthermore,
a canonical basis of eigenvectors and generalized eigenvectors for A at A may

be obtained in the following way: If {(yi0, ... s Vi—1)|i=1,...,p} isa
canonical system of Jordan chains for A at A€ Q, then {); o, ... , Xi k-1 |i=
1,...,p}, where

v 0[
Xi,u(e) = et Z yi,u—lﬁ s
=0 ’

yields a canonical basis for A at A.

Proof. We first show that detA # 0. From the representation (1.8) for A it
follows that it suffices to prove

h
z! / e~2de(t)| — 0
0

as R(z) — co. But this is obvious since { is of bounded variation. Next we

prove the representation for the canonical basis for A at 1. Let (Yo, -+- s Yk—1)
be a Jordan chain for A at A of length k. Since

E(z) (Yo+ e —x)k-'>

=< y0+yl(z—/1)+"‘+yk_l(z_l)k—l )
ez(y0+y](z_l)+"'+}'k_l(z_,1)k—l) ]

we derive from the equivalence that

e:(Yo+71(z=A) + -+ (z = Ak
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is a root function for (z — 4) at A. From the proof of part (ii) of Theorem
1.2.1 it follows that we have to expand e, up to order k in a neighbourhood
of 4. Since

ez(e) — eze — ewe(z—).)o
gk—l
k- 1)

the Jordan chain for (z — A) at A becomes (xo, ... , Xx—1), where

—e [urbta bt e 0 -]

i 0[ )
Xi= ZV:’—/F(Z - 4)
1=0 ’
and this proves the corollary. O

The next corollary states the explicit form of the elementary solutions of (1.3),
i.e., solutions of the form ¢ — p(¢)e* , where p is a polynomial. (Compare Hale
[13, Chapter 7], for a different approach.)

Corollary 1.4. The elementary solutions of (1.3) are given by
k—1 t[
x(t) = eM Z y(k‘l)‘lﬁ , t>-h,
=0 ’

where (Yo, ... , Yk—1) is a Jordan chain for A at 4.
Proof. From Corollary 1.3 we find ¢ € .#; = Ker((AI — A)¥) if and only if

k—1 0[
0(0) = Ye-n-177¢"
1=0 ’

where (Yo, ..., Yk—1) be a Jordan chain for A at A. Since the solution map
acts one-to-one and onto .#; this shows the corollary. O
Example 1.5. Consider the differential-difference equation
(1.10) x(t)=x()-x(t-1), t>0,
on C[-1, 0]. The associated infinitesimal generator A is given by
2(A)={peC[-1,0]: 9 C'[-1,0], ¢(0) = ¢(0) - p(-1)},
Agp = ¢.
According to Theorem 1.2 the scalar function

Aiz)=z-1+e*

is a characteristic matrix for 4. The set of zeros of A is infinite, but finite in
any right half plane ®(z) > y, y € R. Let us look for the finitely many zeros
in the right half plane R(z) > 0. This yields 4o = 0. To find the elementary
solutions of (1.10) corresponding to 4y, we apply the previous corollaries. The
first step is to find a canonical basis of eigenvectors and generalized eigenvectors
of A at Ap = 0. To do this we first calculate the Jordan chains for A at 4 =0.




502 M. A. KAASHOEK AND S. M. VERDUYN LUNEL

Since A(0) =0, A’(0) =0, the set (xg, ..., Xx_;) is a Jordan chain of A at
Ao if and only if xy # 0 and

A(z) (X0 + X124+ - + X1 2871 = O(2F).
Hence the expression
(22)2' = 2331+ - xg + (23/21 = 243V 4+ - )X + - -
+ (2K 21— 2234
must be of order O(z¥). Thus xo=x; =+ =x,_3 =0, and x;_5, x4_; € C
are arbitrary. But x; must be different from zero. Thus the canonical system
of Jordan chains of A at Ay consists of one chain of length 2. For example,
we may take the chain (1, 0). It follows (apply Corollary 1.3) that
Ker(4%) = span{go, 91},
where
po(0) =1, ¢:1(6)=6, -1<6<0.

Thus the elementary solutions of (1.10) corresponding to A9 = 0 are x(¢) =
a+bt, where a,beC.

I1.1.2 Product spaces. In recent years, equation (1.1) has been studied in
product spaces in connection with control-theoretical applications.
Consider the initial value problem

Xx(t)=Lx,, t>0,

X(0)=C, X(0)=(0(0), —hS0<0,
where c € C", ¢ € L’[-h, 0] and L : LP[-h, 0] — C" are given. In Delfour
[4] it was proved that the bounded linear mappings from W!':?[-h, 0] into
C" form the largest class of linear mappings L such that (1.11) is well-posed

on M, = C" x LP[-h, 0]. From the Riesz representation theorem any such
mapping L : W1-?[-h, 0] — C" can be written as

(1.11)

h h
(1.12) Lo = /0 L(0)p(~6)d0 + /0 n(0)p(~6)d6,

where n,{ € L0, h] and 1/p+1/g=1.
So, for L given by (1.12) the solution semigroup

50 ()= (55%9)

is strongly continuous on M, . Furthermore A,(M, — M,) the infinitesimal
generator is given by

D(4,) = {(;) eM,:peW"P[-h, 0], c=¢(0)},

W)= ().

(1.13)

where L is given by (1.12).
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Lemma 1.6. Let D(LP[-h, 0] —» LP[—h, 0]) be the operator defined by
D) ={pe LP[-h,0]: 9 € L’[-h,0]}, Dy = ¢.

Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = C. Furthermore,
the operator A, defined by (1.13) is the second operator associated with D, L
and M, where Mg = ¢(0).

Proof. The proof of the first part follows the same argument as the proof of
Lemma 1.1. The Banach space Xp is just W!-?[—h, 0]. For the second op-
erator, the general construction from §I.3 only requires that L and M are
bounded linear mappings from Xp into C". It is given that L is bounded
from W!.P[-h, 0] into C" and clearly the mapping ¢ — ¢(0) is a bounded
linear mapping from W!-?[-h 0] into C". O

Thus, we can apply Theorem 1.3.1 to obtain
Theorem 1.7. The matrix function A:C — .Z(C")

h h
(1.14) Az) =2l + 2 / e~0n(6)dz / e=0¢(0)dz
0 0
is a characteristic matrix for A,(M, — M),) defined by (1.13) and the equivalence
is given by

(A(OZ) (I)) = F(z)(z - 4))E(2), zeC,

where E :C — L (M,, (My)4,) is given by

B2 ()= (p). ver-ee- [ ’ (-02p(0)do,

g () = (Xow)
and F :C — L (M,) is given by
rey)= ().
o (5)= (15, 7°).

Proof. The proof is similar to the proof of Theorem 1.2. It only remains to
show that detA # 0. Since

llz7' Le.|| =

h h
/ e=n(6)d6 -z~ / e‘z"C(G)dGM
0 0

< C(L+ |21 - e M /R(2)] - 0
as R(z) — oo, it follows that detA# 0. O

Corollary 1.8. The spectrum of the operator A,(M, — M,) defined by (1.13)
consists of eigenvalues of finite type only,

a(d,) = {A: detAA) = 0}




504 M. A. KAASHOEK AND S. M. VERDUYN LUNEL

and is independent of p. For 1 € a(A), the algebraic multiplicity of the eigen-
value A equals the order of A as a zero of detA, the partial multiplicities of
the eigenvalue A are equal to the zero-multiplicities of A as a characteristic
value of A, and the largest partial multiplicity (ascent) of A equals the order
of A as a pole of A=!. Furthermore, a canonical basis of eigenvectors and gen-
eralized eigenvectors for A, at A may be obtained in the following way: If
{ios oo s Vi—1) 1 i=1,...,p} is a canonical system of Jordan chains for
A at 1€ Q, then
i=1,..., p} ,

{(}’i,o) <)’i,k,~-1>
Xio) 7 \ X k-1
A6 - 0!
Xiw(0) =e Z)’i,u—[ﬁ,
=0

yields a canonical basis for A, at A.

I1.1.3 Infinite delay. For functional differential equations with a finite delay
h , the solution operator becomes completely continuous for ¢ > 4. If the delay
is infinite, the state always contains part of the initial function and the solution
operator never becomes completely continuous. In this case the choice of an
appropriate state is no longer trivial. For example, if X = LP(—o0o, 0] with
D < oo, then the differentiation operator D has a trivial kernel and, hence the
construction from §I.3 does not apply in this case. Note that for this choice of
the state space the initial value problem is not well posed either.

In [14] Hale and Kato studied which properties of the state space X are
sufficient in order to establish a theory of existence, uniqueness, continuous
dependence, and continuation of solutions. For an example of a state space
that satisfies the axioms in [14], let g be a nondecreasing positive function
defined on (—oo, 0] such that

where

0
/ g(t)dt < o0

and let p > 1. Define the state space X = L”((—oc, 0]; g) to be the space
of measurable functions ¢ on (—oo, 0] such that, for any given 4 > 0, the
function ¢ is continuous on [/, 0] and

0 1/p
lpll¢ := sup [ swp [p(0)P+ [ Jo(0 |Pg(r>er <.
h>0 | —h<1<0 —00
Thus, the initial value problem
(1.15) x(t)=Lx;, xo=¢p,
where ¢ € L?((—o0, 0]; g) and L: L?((—o0, 0]; g) — C" is a bounded linear
mapping, is well posed. Thus, the solution operator
T(t): LP((=o0, 0]; &) — L?((—o0, 0]; g)
is a strongly continuous semigroup of bounded linear operators. The infinitesi-
mal generator is given by
D(A)={p e LP((-0,0];8):¢ € LP((-,0]; g), ¢(0)= Lo},

(1.16) )
Agp = ¢.

(See Hale [12] and Naito [25].)
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To prove the infinite delay version of Lemma 1.1 we first need some prepa-
rations. Put

0
(1.17) A={z€(C:/ |e”|”g(1)d‘c<oo}
and define
(1.18) B =inf{R(z): z € A}.

Then Cg C AC Cg, where Cg ={z € C:R(z) > B} and the bar denotes the
closure.

Lemma 1.9. Let D(L?((—oc, 0]; g) — LP((—o0, 0]; g)) be the operator de-
fined by

ZD)={pe ’((-x,0];8):9€ LP((-x,0];8)}, D¢=g¢.

Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = Cy, where f is
defined by (1.18). Furthermore, the operator A defined by (1.16) is the first
operator associated with D, L and M, where Mg = ¢(0).

Proof. Put X = LP((-o0, 0]; g). Clearly, the kernel of D consists of the
constant functions. It follows that .#" = Ker(D) has dimension n. For Dy we
take the operator Dy(X — X) defined by

D (Do) ={p € Z(D):9(0)=0}, Doy = Dg.
We have (D) =4 & Z(Dy). The resolvent of Dy is given by

6
(119)  (z=D0)'9)®) =~ [ “p(@)da, zep(Dy).

Since the right-hand side must belong to X, the resolvent set of Dy depends
on X and it follows that p(Dy) = Cg, where B is defined by (1.18). Thus
D satisfies (H1) and (H2) with Q = Cg. Further the mapping M given by
@ — ¢(0) is a bounded linear mapping from L?((—oco, 0]; g) into C" and 4
defined by (1.16) is the first operator associated with D, L and M. O

For the case considered here the Banach space

Z=C"xLP((-0, 0]; g)

and the second operator A(Z — Z) associated with the pair D, L and M is
given by

9(2):{(;) €Z:peI D), c=(p(0)}, 2(;) = (lL)Z).

Theorem 1.10. The matrix function A: Cg — £ (C")
(1.20) A(z) = zI - Le,

is a characteristic matrix for A and the equivalence is given by

0 I

(A(Z) O) :F(Z)(Z_A\)E(Z)’ z ECB,
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where E :C— Z(Z, Z,) is given by

E(2) ( fp) - (;) o) =ete— [ ' 002y (0)da,

(v _ ([ w(O)
) 1( v )‘ <(Z—D)w)
and F :Cg — Z(Z) is given by

F(z) (;) - (”L(Z;D")_"") ,
e (0) = (e HE P,

Proof. Since e, € LP((—c, 0]; g) for z € C4 the matrix function is holo-
morphic on Cz and the theorem is proved as Theorem 1.2. O

Note that the equivalence is not on the whole of C anymore, but on Cg.
The operator A has not only point spectrum. (See Naito [25].) A combination
of Lemma 1.9 and Theorem 1.10 now yields the following result on the spectral
data of the unbounded operator 4 defined by (1.16).

Corollary 1.11. The eigenvalues of
A(LP((—00, 01; 8) = LP((~00, 0]; g))
defined by (1.16) with real part greater than B (defined by (1.18)) are eigenvalues
of finite type only and satisfy the equation
(1.21) detA(4) = 0.

For 4 € 6(A) and R(A) > B, the algebraic multiplicity of the eigenvalue A equals
the order of A as a zero of detA, the partial multiplicities of the eigenvalue
A are equal to the zero-multiplicities of A as a characteristic value of A, and
the largest partial multiplicity (ascent) of A equals the order of A as a pole of
A=Y, Furthermore, a canonical basis of eigenvectors and generalized eigenvectors

for A at 2 may be obtained in the following way: If {(vi.o, ... » Vi ki—1) |
i=1,...,p} is a canonical system of Jordan chains for A at A € Q, then
{xio-- s Xik—1li=1,...,p}, where
14 01
Xiw(0)=e*>" R
1=0

yields a canonical basis for A at A.

Proof. To prove the corollary it remains to show that detA # 0. From the
definition of the norm on L?((—oo, 0]; g) it follows that ||Le,||g < C|z|~!
for R(z) — oo, which implies that detA# 0. O

Corollary 1.12. The elementary solutions of (1.15) are given by

k—1 /
t

x(1) = e E Ye-n-137> 12 —h,
1=0 ’

where (Yo, ... , Yk—1) is a Jordan chain for A at A.
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I1.2. A HYPERBOLIC SYSTEM

In this section we will study the linear autonomous hyperbolic system in one
space variable in normal form. (See Lopes, Neves and Ribeiro [23].)

0 (u(t, x) 0 (u(t, x) u(t, x)\ _
ot (v(t, x)) + K55 (v(t, x)) +C(x) <v(t, x)) =0,
d u(t,x)\ _ u(t, x)
(0 0) =+ (e )

for 0 < x </, with boundary conditions u(¢, 0) = Ev(t, 0), where

u(t, x) =collu;(t, x)] for1 <i<N-n, u(t, -) cx
v(t, x) =collvj(¢t, x)] for N-n+1<j<n, v(t, +) ’

and M and L are linear continuous boundary value operators

M:X-C", L:X-C"

(2.1)

In addition, E is an n x (N — n) matrix and X is an appropriate Banach
function space. Further K isa C! invertible diagonal matrix valued function
and C is an arbitrary continuous matrix function. For L and M we can take,
for example, point evaluations

" M(ﬁﬁ:i;)=v(t,l)—Fu(t,l),
L<ZE;§§) = Gu(t, ) + Hv(t, I),

where F, G and H are matrices of appropriate size. The system defined by
(2.1) can be written as an abstract evolutionary system on X, W = Aw, where
A(X — X) is given by

Aw=—Kd—w—Cw,
dx
(2.3) d
D(A) = {w €X:Aw e X, u(0)=Ev(0), aMw:Lw}.

The well-posedness problem for (2.1) can now be rephrased as the question
whether A generates a strongly continuous semigroup on X . In [23] this prob-
lem and properties of the corresponding evolutionary system have been studied
in the product space frame work X = C" x L?[0, []V.

In this section we will show that the unbounded operator 4 defined by (2.3)
can be realized through the construction from §1.3. Thus, we avoid the question
of A generating a strongly continuous semigroup, but the equivalence we finally
derive is useful in order to check the Hille-Yosida conditions.

Lemma 2.1. Let D(C[0, /1N — C[0, [1V) be the operator defined by

(D) = {(Z) €X: (Z) e C'[0, 11V, u(0) =Ev(0)} :

p(s) =% (1) -<(0)
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Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = C. Furthermore,
the operator A defined by (2.3) is the first operator associated with D, L and
M.

Proof. Put X = C[0, []V. To find the kernel of D we solve the equation
d (ux)\_ -1 ( u )
2;( >— K(x)7'C(x) , 0<x<l

v(x) v

The solution is

()70 (28) -0 (F)eo. 05

v(x)
where

(2.4) Y(x,y)=e b KOTCOB gy cxal,

denotes the fundamental solution with Y(y,y) = I,. It follows that /" =
Ker(D) has dimension n. For D, we take the operator Dy(X — X) defined

by
u . _ uy _ u
P (Do) = {(v) € 2(D) : v(0) _o} . Dy <v> _D (v)
Clearly, & (D) = Ker(D) ® Z'(Dy) . To find Q = p(Dy) we solve the equation

u\_(f
=m0 (1)- ()
or, equivalently

(2.5) %(:) =—K"(zI+C)(Z)+K" (g)

The fundamental matrix solution for the homogeneous equation
d u -1 u
L (%) =-ktar+ 0 (¥)

(2.6) Fix,y,z)=e " K974

where Y is given by (2.4). So, the equation (2.5) is solvable for each z € C.
It follows that p(Dy) = C and the resolvent of Dy is given by

@1 (z=007 (£)) = [[e 55 v, ko (400 ) av

for 0 < x </ and hence p(Dy) = C. Thus Q = C. Further the operator A
defined by (2.3) is the first operator associated with D, L and M, since the
identity

equals

Y(x,y), 0<y<x<l,

f(2)-w0()

holds for the solutions of the evolutionary system

7(2)

=A(g). 0
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For the case considered here the Banach space Z equals C" x C[0, /]V and

the second operator /.’f(Z — Z) associated with the triple D, L and M is
given by

~

9(A)={(5)) €Z:wePD), c=Mw},

~f ¢ Lw
i(s)=(ov):

where w = col[u v]. Thus, we can apply Theorem 1.3.1 to obtain
Theorem 2.2. The matrix function A:C — £ (C")

A(z) = Me? ) Ko™ dsy (x| 0) (£I;>

_ Le_ZLXK(S)—]dSY(X, 0) (E)

(2.8)

(2.9)
I
is a characteristic matrix for A and the equivalence is given by
A(z) 0) _ A
(49 9) =Fez - D),
where E:C — Z(Z, Z;) is given by

E(z) (5)) - (ﬁggo) + (ﬁ?) . E(2) (Aﬁv> - ((zv_(%)v)

where
vo(x) = e~ o KOsy ) (115) c,

vi(x) = /O e KO iy (K () i)y,
and F :C — £ (Z) is given by
F(2) (5)) _ (C— ZM(z - Do)_l’w + L(z —Do)_l’w) i

w
Fo- (€)= (¢ +zM(z — Do)~ 'w — L(z — Do)~ 'w
w w ’
Proof. Let D and Dy be as in the proof of Lemma 2.1. Define j:C" —»
(2.10) cHY(x,O)(’IE)c, 0<x<l,
and put

A(z) = (zM ~ L)[j - z(z = Do)~ ' j].

From Theorem I.3.1 we know that A is a characteristic matrix for 4. To verify
the concrete representation (2.9) for A, we use the resolvent formula (2.8)

(je - z(z = Do)~ je)(x)
=Y(x,0) (1;) c— z/x e_zfny(s)_ldsK(y)‘lde(x, 0) (l}:) c

0

e 2 [ KOsy ) (f) c, 0<x<l,
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where we use that K is a diagonal matrix. The explicit representations for E
and F are verified in a similar way. O

A combination of Lemma 2.1 and Theorem 2.2 now yields the following
result on the spectral data of the unbounded operator 4 defined by (2.3).

Corollary 2.3. If detA # 0, then the spectrum of A(C[0, []N — C[0, []V) de-
fined by (2.3) consists of eigenvalues of finite type only,

(2.11) a(A) = {A:detA(4) = 0}.

For A € a(A), the algebraic multiplicity of the eigenvalue A equals the order of
A as a zero of detA, the partial multiplicities of the eigenvalue A are equal to
the zero-multiplicities of A as a characteristic value of A, and the largest partial
multiplicity (ascent) of A equals the order of i as a pole of A~!. Furthermore,
a canonical basis of eigenvectors and generalized eigenvectors for A at A may
be obtained in the following way: If {(yi0,... ,Vik-1)|i=1,...,p} isa
canonical system of Jordan chains for A at A € Q, then

{(EX[,O) (EXi,ki—l> i=1.... p}
Xio )’ T\ Xik-1 ’ ’ ’

i [P Kis)-1ds o= [— [T K(s)"'ds)
tosl) = e K0 o S L KOy gy,
1=0 ’
yields a canonical basis for A at A.

where

I1.3. NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

For retarded functional differential equations, equation (1.1) yields a bound
for the derivative of the solution. Thus retarded equations are smoothing. In
particular, the solution map becomes completely continuous for ¢ > h.

In neutral functional differential equations, there may appear derivatives with
a delay and those equations are in general not smoothing.

Consider a neutral functional differential equation (NFDE). The general form
of the equation is as follows
(3.1 %Mx, =Lx, fort>0,
where L, M : X — R”" are bounded linear mappings. (See Hale [13] and Henry
[15].)

As before the state space X equals C[-4, 0] and consequently, the “func-
tionals” L and M can be represented in a unique way as Riemann-Stieltjes
integrals

(3.2) Ly = A dg(0)e(-9),

(3.3) Mg = | dn(0)e(-0),

where { and 5 are n x n-matrices of bounded variation on [0, #]. Further
the state x; is given by

x:(6) = x(t+8) for —h<8<O0.
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Only under additional assumptions on # the problem becomes well posed.
The minimal assumptions are not clear. (See Burns, Herdman, Stech [2].) It is
sufficient to assume that »n has an atom at 0, that is,

h

(3.4) ' Mo =p(0)- [ du(®o(-0),

where u is c_a_miﬁuous at zero. The abstract Cauchy problem associated with
(3.1) is given by # = Au, where A(C[-h, 0] - C[-h, 0]) is given by

(3’5) 9(A)={(DEC[—h,O]:(pGCl[—h,O], M¢=L¢}> A¢=¢'

Again, we shall only study 4 as an unbounded operator and our results hold
independently from A being a generator of a strongly continuous semigroup
on X. Thus, we can assume that M satisfies (3.3). The following lemma
and theorem are similar to Lemma 1.1 and Theorem 1.2 and the proofs will be
omitted.

Lemma 3.1. Let D(C[-h, 0] - C[-h, 0]) be the operator defined by
D(D)={p € C[-h,0]:¢9 € C[-h,0]}, Dg=4.

Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = C. Furthermore,
the operator A defined by (3.5) is the first operator associated with D, L and
M, where L is defined by (3.2) and M by (3.3).

For the case considered here the Banach space Z equals C" x C[-4, 0] and

~

the second operator 4(Z — Z) associated with the triple D, L and M is
given by

~ ~ L
D(A) = c)ez: (D), =M}, A(C)=(¢>
@={(5)ez:veaw. c=mo}. i(5)=(5"
and M is defined by (3.3). Thus, we can apply Theorem 1.3.1 to obtain

Theorem 3.2. The matrix function A:C — £ (C")

h h
(3.6) A(z) = z/ e ?%dn(6) —/ e~ 20d((6).
0 0
is a characteristic matrix for A and the equivalence is given by

(A%z) (I)) = F(z)(z - AE(z),

where E :C— Z(Z, Z,) is given by

E(z) (;) = (Ai/w) , w(0) =e%c— /06 e®=929(0)do

wor (47)-(:75)
and F :C — £ (Z) is given by

F(z) <c) _ (c—zM(z-—Do)"q)(o+L(z—D0)—'¢) ,

F(z)™! (C) - (C+ zM(z —Do)‘;co - L(z —Do)"w) .
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Corollary 3.3. Suppose that M is atomic and given by (3.4), then the spectrum
of the operator A(C[—h, 0] — C[—h, 0]) defined by (3.5) consists of eigenvalues
of finite type only,

(3.7) o(4) = {4 : detA(4) = 0).

For 4 € a(A), the algebraic multiplicity of the eigenvalue A equals the order of
A as a zero of detA, the partial multiplicities of the eigenvalue A are equal to
the zero-multiplicities of A as a characteristic value of A, and the largest partial
multiplicity (ascent) of A equals the order of A as a pole of A~'. Furthermore,
a canonical basis of eigenvectors and generalized eigenvectors for A at A may
be obtained in the following way: If {(yi0,... ,Vik-1)|i=1,...,p} isa
canonical system of Jordan chains for A at A€ Q, then {3; 0, ... , Xi k1] i =
1,...,p}, where

v 6[
Xiv(0) = e Z Yiv—17r
1=0 ’

yields a canonical basis for A at A.

Proof. To prove the corollary it remains to show that detA # 0. From the
representation (3.6) for A it follows that

h n .k '
(3.8)  detA(z)=z" |1 —det | e *du(t)| + e~*dv;(t)z"
0 0 !
j=1

where v; for 1 < j < n are functions of bounded variations. Since u is
continuous at zero, there is a constant C, such that, |detA(z)| > C|z|* for
R(z) sufficiently large. O

Remark 3.4. For the present case, the spectral situation is different from the
retarded case. In general, equation (3.8) can have infinitely many zeros in a
vertical strip.

I1.4. AGE-DEPENDENT POPULATION DYNAMICAL MODELS

In this last example we consider a model from the age-dependent population
dynamics. (See Webb [31].) The model is formulated as a conservation law and
the variable p denotes the population density with respect to age a at time ¢.
The time evolution is governed by the Lotka-McKendrick-von Forster equation

o 0
(B—a-{-a—t-)p(a,t)_—,u(a)p(a,t), t>0, 0<a<w,

(4.1) p(0, 1) = ’ (a)p(a, t)yda, t>0,
0

where ¢ € X = L'[0, w] and u, B € L=[0, w]. Here u represents the
mortality modulus, i.e., exp(— [ :1 * u(a)da) is the probability of survival from
a; to a; and B denotes the birth modulus.
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The abstract evolutionary system for (4.1) is given by # = Au, where
A(L'[0, w] — L'[0, w]) is defined by
w
2(a)={pe L0, alipe W0, 01, 90 = [ Bavada},
0

d
A¢=—d—z—u¢,

(4.2)

where W11[0, w] can be identified with the space of absolutely continuous
functions on [0, w] and [0, w] = [0, o) if w = co. Using the method of
characteristics (see Webb [31]), we can solve the problem and A generates a
strongly continuous semigroup of linear operators on L![0, w] given by

(T(He)(a) =p(t, a).
Lemma 4.1. Let D(L'[0, w] —» L'[0, w]) be the operator defined by
d
DD)={pe L'0,w]:p e ACI0, w]}, Dg= _£ — uo.

Then D satisfies the hypothesis (H1), (H2) in §1.3 with Q = p(Dy) # @. Fur-
thermore, the operator A defined by (4.2) is the first operator associated with
D, L and M, where

w
(43) Mp=0. Lo=90)- [ plaplasda
Proof. Put X = L'[0, w]. To find the kernel of D we solve the equation
(4.4 @)= —uapa), O<as<o.

The solution is
p(a)=Y(a,0p(0), 0<a<fow,

where
(4.5) Ya,y)=e b o<y<a<o,

denotes the fundamental matrix solution of (4.4). It follows that .#" = Ker(D)
has dimension n. For D, we take the operator Do(X — X) defined by

D (Do) ={p € Z(D): 9(0) =0}, Doy = Dg.

Clearly, 2 (D) = Ker(D) ® Z(Dy) . To find Q = p(Dy) we solve the equation
(z — Dg)p = y or, equivalently

d
(4.6) S =—(z+uy+v.
The fundamental matrix solution for the homogeneous equation is equal to
e~ %Y (a, y), where Y(a,y) is given by (4.4). Thus, the resolvent of Dy is
given by

@D (E-Dy )@= [ e Y@ vy, 0<aso
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If w < oo, then the equation (4.6) is solvable for each z € C and p(Dy) =C.
If w =00, then p(Dy) # C. But p(Dy) # @. In particular, if u; < u<u; in
the sense that

n
(4.8) —palx| <Y sign x;(—p(a)x); < —pm|x|
j=1
for all x € C" and a > 0, then it is clear that

Thus D satisfies the hypotheses (H1), (H2). Finally, let M and L be as
in (4.3). Note that L is a bounded mapping from the domain of D—the
absolutely continuous functions—into C” and with this choice of M and L
we find that 4 equals the first operator associated with D, L and M. O

For the case considered here the Banach space Z equals C" x C[0, w] and

~

the second operator A(Z — Z) associated with the triple D, L and M is
given by

9(2):{(5)) €eZ:wePD), c=0},

i(a)=(5u)

Theorem 4.2. The matrix operator A : Q — £ (C")

(4.9)

(4.10) Alz)=1- /w e—zaﬂ(a)ej;:u(s)dsda'
0

is a characteristic matrix for A defined by (4.9) and the equivalence is given by

(AE)Z) (1)) = F(z)(z - A)E(z),

where E:C— Z(Z, Z) is given by

E(2) (;) - (;}1) . E(z) (3) - ((Z"j(%))w) ,

where

a a U}
l//l(a) — ¢4 [e—fo ﬂ(S)dSC+/ e—zoe—j;) ﬂ(-‘)d3¢(0)d0]
0

and F :C — £ (Z) is given by

P (o) = (CTHE, PO,

Fet (o) = (7M.

Proof. Let D and Dy be as in the proof of Lemma 2.1. Define j: C" — 4
by

(4.11) | ¢ Y(a, O)c,
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and put
A(z) = (zM - L)(j — z(z = Do)~ j).

From Theorem 1.3.1 we know that A is a characteristic matrix function for 4.
To verify the concrete representation (4.10) for A, we use the resolvent formula
(4.7

a
(je = z(z = Do) 'jc)(a) = Y(a, 0)c — z/ e~?@VdyY(a, 0)c
0
=e *Y(a,0)c, 0<a<w.

The concrete representations for E and F are verified in a similar manner. O

Thus, a combination of Lemma 4.1 and Theorem 4.2 yields the following
results on the spectral data of the unbounded operator 4 defined by (4.2).
Corollary 4.3. If @ < oo, then the spectrum of the operator

A(L'[0, o] - L'[0, w])

defined by (4.2) consists of eigenvalues of finite type only,
(4.12) a(A) = {A:detA(4) = 0}.

For 1 € a(A), the algebraic multiplicity of the eigenvalue A equals the order of
A as a zero of detA, the partial multiplicities of the eigenvalue A are equal to
the zero-multiplicities of A as a characteristic value of A, and the largest partial
multiplicity (ascent) of A equals the order of -4 as a pole of A~ . Furthermore,
a canonical basis of eigenvectors and generalized eigenvectors for A at A may

be obtained in the following way: If {(yi,0,--- »Yik-1) | i=1,...,p} isa
canonical system of Jordan chains for A at A€ Q, then {)io0... , Xi k-1 i=
1,...,p}, where

v !
X
Xiw(xX) =¥ Y (x, )iy
1=0 ’

yields a canonical basis for A at A.

Proof. To prove the corollary it remains to show that detA # 0. From the
representation (4.9) for A it follows that

detA(z) = 1+Z/ N0

where B, for 1 </ < n are integrable functions. In particular, this shows that
det A is not identically zero. O

In case w = oo we have the following information about the spectral data of
A defined by (4.2). (See Desch and Schappacher [6].)
Corollary 4.4. If w = oo, then the eigenvalues of
A(L'0, 00) — L'[0, 0))

defined by (4.2) with real part greater than u, (defined by (4.8)) are eigenvalues
of finite type and roots of the equation

(4.13) detA(4) = 0.
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For A € a(A) and R(A) > u,, the algebraic multiplicity of the eigenvalue
A equals the order of A as a zero of detA, the partial multiplicities of the
eigenvalue A are equal to the zero-multiplicities of A as a characteristic value
of A, and the largest partial multiplicity (ascent) of A equals the order of A
as a pole of A~'. Furthermore, a canonical basis of eigenvectors and gen-
eralized eigenvectors for A at A may be obtained in the following way: If
{ios oo s 2i=1) i=1,..., p} is a canonical system of Jordan chains for
Aat AeQ, then {)io..., Xik-1li=1,...,p}, where

v !

X

Xiw(X) =€ Y Y (X, @)ty s
1=0 )

yields a canonical basis for A at .

Proof. The property that detA Z 0 does not depend upon . Thus the corol-
lary follows. O
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